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Random tensors, random spaces

Random tensors, random spaces
Why?
How?



Why tensor fields?

1. Generalize matrix models to higher dimensions

® w.r.t. their symmetry properties,
® provide a theory of random spaces.

2. Define a canonical way of summing over spaces

3. Implement a geometrogenesis scenario

® spacetime from scratch,
® background independent.
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Invariant actions
Symmetry

Consider T, T : ZP — C, complex rank D tensors with no symmetry.

® Matrix models: invariant under (at most) two copies of U(N).
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Invariant actions
Feynman graphs

® Action of a tensor model

S(Ta?) =T 7—’— ZgBTrB[T77]>
BeJ
J C {D-coloured graphs of order > 4} interaction vertices

® Feynman graphs = (D + 1)-coloured graphs = D-Triang. spaces

edge gluing
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Why?
How?
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The BKAR forest formula

® Fix an integer n > 2.
n(n—1)

® f a function of === variables x;, sufficiently differentiable.
® K,, complete graph on {1,2,...,n}. #E(K,) = 22
Then,
f(1,1,...,1) = Z/dwfa;f(xf(wf))
f
where

® the sum is over spanning forests of K,
1
o [dwr =Tlcer) Jo dwe,

* JF = HZGE(]—') a%u
* X7 = (x{ )ece(x,) — evaluation point of Oxf.
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An example
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The forest formula

An example
1 1
f(l,].,].) = f(0,0,0)—F/ 3X1f(W1,0,0) dW1—|-/ 8X2f(0,W2,0) dw, +

/ 0%, (0,0, ws dW3+// s T (W, min{wy, wa}, ws) +

// o f (Min{wa, wa}, wo, ws) // o f (W1, wo, min{wi, wa}).

SN S N
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Constructive field theory

The classical approach

® Aim: get some control on connected quantities via the derivation of
tractable formulas for the logarithm of correlation functions (say).

® How? By finding an expansion which interpolates between the
functional integral and the perturbative series.

® Tools: With cluster and Mayer expansions which are both a clever
application of the forest formula.

® But classical constructive techniques are unsuited to matrices.
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Loop Vertex Expansion

Motivations

LVE = main constructive tool for matrices and tensors

® Originally designed for random matrices. [Rivasseau 2007]
® |nitial goals:

1. Constructive ¢},
2. Simplify Bosonic constructive theory.

2. Bosonic perturbative series cannot be resumed as easily as Fermionic
ones.

SN=0 Y A=Y0 Y Ywe DA

n=0  G,n(G)=n n=0 " G,n(G)=n TCG

= il > Ar, Ar=)> w(G,T)As

n:
n>0 T,n(T)=n GDOT



Loop Vertex Expansion
Analyticity of the free energy of ¢g

1

Ze) = [ ¥ due). du(o) = et

Theorem
log Z is analytic in the cardioid domain {g € C : |g| < 3 cos?(2argg)}.

Cardioid

u}
o)
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n
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Loop Vertex Expansion
Analyticity of the free energy of ¢g

& 1

Z(e) = [ e dule). du(o) = et

Theorem
log Z is analytic in the cardioid domain {g € C : |g| < 3 cos?(2argg)}. J

Proof. LVE is made of 2 ingredients:
1. Intermediate field representation,

2. Forest formula.
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g 4
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2e)= | e 5" du(9)

/
_ /]R ") du(o), V(o) = —Llog(1 - 1Ao).
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1. Intermediate field representation: e 2% = [ e du(o), X = &

Z(g) = /R eV du(o), V(o)=—1log(l—\o).

Nlw

Replication of fields:

26) =% o [ Veordue) =% / )) dis, (&),

n>0 n>0
2. Forest formula:

2= 55 [awr [[ T 5 52 1 Vion] dicn(@)
1

n>0 " FCK, CEE(F) i) 9aj(e) ;.-
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Loop Vertex Expansion
Analyticity of the free energy of og

log Z = Z Z /dWT/ H 80 801(4) H V(o } dperw)(F)

n>1"" TCK, CEE(T)

22 g/2 Z /dw / 11 l—z)\a)! | ducr (@)

n>1 TCKn




Loop Vertex Expansion
Analyticity of the free energy of cbg

057 =3 Z/dWT/ Haa

} dper(w)y(9)

n=1 " TCK, LEE(T)
g/2 . 1)! R
=y S CEV S Jawr [ [T 2500 dverea®
n>1 TCK, i= 1

Using |1 — tAo| > cos(3 arg g), we get

1o~ 1 &
05215 13 A (et )
|log Z| 2nz_:n! 2cos?(1 arg g)

22 (COS22Ig| ))"‘1

—1 arg g

ZHd—l

TCK, i=1

which is convergent for all g € C such that |g| < % cos?(1 arg g). O
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The T} field theory

® Tensors:
T:7Z* = C, Tw, Ts with n,n € Z*.
® Free action:

(1<' )nﬁ
imax 2. 2 2 2 2
Cosi =0nn AL ni + n5 + n3 + nj.

n?+1
® |nteractions: -
(T, T)=4> V(T T), VT, T)=
c=1 B
"

Lemma

T4 is (super-)renormalizable to all orders of perturbation with a
power-counting similar to ¢3.

S|




The T field theory

Analyticity

Theorem (Rivasseau, V.-T. 2017)

There exists p > 0 such that lim; .. log Z;  (g) is analytic in the
cardioid domain defined by |arg g| < m and |g| < pcos?(3 arg g).

Cardioid



The T} field theory

Analyticity

Theorem (Rivasseau, V.-T. 2017)

There exists p > 0 such that lim; . log Z;  (g) is analytic in the
cardioid domain defined by |arg g| < 7 and |g| < pcos?(3 arg g).

Remarks
® |ntermediate field is a matrix,
® Renormalization needed,
® Multiscale analysis required,
® Forests turn into jungles,

Non-perturbative bounds necessary.




Conclusion and perspectives

Regarding T, one could also prove Borel summability of the
connected correlation functions.

® LVE makes Bosons as convergent as Fermions (in dimension 0).

® T2 (just renormalisable, asymptotically free)

® New Loop Vertex Representation [Rivasseau 2017]
® Inductive approach to LVE [Fang-Jie Zhao 2019]
[ ]

Simplify Bosonic constructive theory?



Thank you for your attention
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The general strategy

0. Renormalised partition function:

_g - T (—g)!€l -
ijax(g):N/e §) . V(T4 T(ZGEM S 65) duc(T,T).

1. Intermediate field representation: oc € Herm jimax
Z,..(g) = Ne / e Trlosll=2)=A DS 5, Treoe gy, (7).

2. Renormalised action:

ijax(g) _ /efTrIog3(]I7U)7Tr(D1):2)7>‘—22:;»Qt7: dl/][(a")

U=Y+D, + D,
Dy = —)\2C1/2A5\41 C1/27 D, = )‘4C1/2A5V12 C1/2
U?

logs(I—U) = log(I-U)+ U + -



The general strategy

3. Multiscale decomposition:

(léj)nﬁ
n?+1

ng = 6n,ﬁ

N
Vej = Trlogs[l —Ug] + Tr[D1, ;T3] + S Q<o

v Jmax
Vi = Z(Vsj —Vg) =)V
=1

Wj(o)x;
Zjnoe( /He Y din(d / R dvi(a)du(X, x)

W;=e" Vi1



The general strategy

0. Renormalised partition function:

_s =TT glel o
ijax(g):N/e §) . V(T4 T(ZGEM S 55) duc(T,T).

1. Intermediate field representation: oc € Herm
Z,..(g) = Ne™ / e el =) =A D 0 Treoe gy (7).

2. Renormalised action:
Z, (g) = /efTrIog3(]l7U)7Tr(D1):2)7>‘—22:t7»Q;: du(3).

3. Multiscale decomposition:

Z.(g) = / e 2NN g (3)du(R, )
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The general strategy

4. Multiscale Loop Vertex Expansion: [Gurau, Rivasseau 2014]

® 2 forest formulas on top of each other
® First, a Bosonic forest then a Fermionic one

Jmax Jmax

0852, => - 3 > >
n=1 "

J tree ji=1 Jn=1

/dwj/duj dy D;[ agg(—xf%(ﬁa)xf)}

® w; = weakening parameters wy, £ € E(J)
® 17 = interpolated Gaussian Bosonic and Fermionic measures
® Oy = derivatives with respect to the o-, x- and X-fields



The general strategy

4. Multiscale Loop Vertex Expansion:

® 2 forest formulas on top of each other
® First, a Bosonic forest then a Fermionic one

[Gurau, Rivasseau 2014]

Jmax

log Z; . (g an Z Z Jmi/dwj/dyjaj HH XJa W.(@ Ha)XJa):|

=1 J tree j1=1 Jn—l

B aeB
WD | o T[( TT (10000t
=1 J tree ji=1 Jn=1 aal;ebB
/8BHWE %) dug = Z/ e v )AG( ) dus (7).
aeB

aeB

Graphs G are plane forests.



The general strategy

Bosonic bounds

/B_Z/ [T e %) Aq(3) dus ()

aeB

|IB| g /H 62‘ 5@ dVB /‘AG |2 dVB
aeB

IB perturbative

137, non-perturbative



The general strategy

Bosonic bounds

aeB

ol < ([ L aus) ™ 52 [1Ac(a)? dvs)
[

NP Ig, perturbative

Iz, non-perturbative

5. Non-perturbative bound:

Theorem

For p small enough and for any value of the w interpolating parameters,

e — / I] &% dus < 0(1).

aeB




The general strategy

Bosonic bounds

ol < ([ L aus) ™ 52 [1Ac(a)? dvs)

acB G —_—

Ig, perturbative

NP

Iz, non-perturbative

6. Perturbative bound:

Theorem
Let B be a Bosonic block. Then there exists K € R* such that

_ 37/2 o _1;
I5(6) < KIF=A((1B] = 1)) *%p@) T] M5,
aeB




Non-perturbative bounds

Theorem

For p small enough and for any value of the w interpolating parameters,

/H V(@) gy < O(1)1B10WE 181,

aeB

Proof.
1. Expand each node:

Pa k 1 1
: 2|V,,1) VLD ey,
av,l _ v @Y (1 e 2V 26,1V,
e _Z Kkl +/0 dt;,(1—t;,) P CH
k=0
2. Crude non-perturbative bound: (Quadratic bound)
/He2‘v Ndvg < KIBle KoM
aeB

3. Power counting (via quartic bound) beats both combinatorics and
the crude non-perturbative bound. (]



Perturbative bound

Theorem
Let B be a Bosonic block. Then there exists K € RY such that

15(6) = [14c@)P dvs < KIE-1((1B] - 1)) T] M-,

aeB

® Ag(7) depends on o (essentially) through resolvents.

® If not for resolvents, Ag would be the amplitude of a convergent
graph.

® Remove resolvents with iterated Cauchy-Schwarz estimates.
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